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Abstract
We study the properties of the ﬁeld in the fundamental mode HE11 of a vacuum-clad subwavelength-diameter optical
ﬁber using the exact solutions of MaxwellÕs equations. We obtain simple analytical expressions for the total intensity of
the electric ﬁeld. We discuss the origin of the deviations of the exact fundamental mode HE11 from the approximate
mode LP01. We show that the thin thickness of the ﬁber and the high contrast between the refractive indices of the silica
core and the vacuum-clad substantially modify the intensity distributions and the polarization properties of the ﬁeld
and its components, especially in the vicinity of the ﬁber surface. One of the promising applications of the ﬁeld around
the subwavelength-diameter ﬁber is trapping and guiding of atoms by the optical force of the evanescent ﬁeld.
 2004 Published by Elsevier B.V.
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1. Introduction
Optical ﬁbers with diameters from micrometers
to millimeters have found many important appli*
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cations in technology. The guiding properties of
such ﬁbers have been well studied [1]. Most ﬁbers
use core and cladding materials with nearly the
same refractive indices. Such ﬁbers are referred
to as weakly guiding ﬁbers. The description of
weakly guiding ﬁbers is greatly simpliﬁed due to
the use of the linearly polarized (LP) modes, which
are approximate solutions of MaxwellÕs equations
and are superpositions of two corresponding
nearly degenerate eigenmodes.
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Recently, thin waveguides have become attractive for a wide range of potential practical applications. It has been pointed out that the intense
evanescent ﬁeld in the vicinity of a tapered ﬁber
can be used as an atomic mirror [2]. Generation
of light with a supercontinuum spectrum in a thin
tapered ﬁber has been demonstrated [3]. The evanescent waves from zero-mode metal-clad subwavelength-diameter waveguides have been used
for optical observations of single-molecule dynamics [4]. Several types of dielectric submicrometerand nanometer-diameter wire waveguides have
been fabricated, and their guiding properties have
been investigated [5]. It has been proposed to use
the optical force of an evanescent wave around a
thin ﬁber for atom trapping and guiding [6]. Thin
ﬁber structures can be used as building blocks in
the future micro- and nano-photonic devices.
Unlike the case of optical ﬁbers with diameter
larger than the wavelength, many properties of
subwavelength-diameter ﬁbers have not been adequately investigated. In such a thin ﬁber, the original silica core is vanishing. Therefore, the original
silica-clad acts like a core while the surrounding
vacuum (or air) acts like a clad. Due to the high
refractive index contrast between the silica core
and the vacuum-clad, the description of subwavelength-diameter ﬁbers in terms of weakly guided
LP modes is questionable. It has been demonstrated that such ﬁbers have interesting properties
such as high power density at the ﬁber surface and
cylindrical asymmetry in the ﬁeld distribution [2],
large penetration length of the evanescent wave
[6], enhancement of the power fraction of the ﬁeld
outside the ﬁber [6,7], and large waveguide dispersion [7]. However, the intensity distributions and
polarization orientations of the ﬁelds in subwavelength-diameter ﬁbers have not been studied.
In this paper, we study the ﬁeld intensity distributions and polarization orientations in the fundamental mode HE11 of a vacuum-clad
subwavelength-diameter optical ﬁber using the exact solutions of MaxwellÕs equations. We show
that the thin thickness of the ﬁber and the high
contrast between the refractive indices of the silica
core and the vacuum-clad substantially modify the
intensity distributions and the polarization orientations of the ﬁeld and its components. The study

of such properties is necessary not only for academic interest but also for practical applications
such as trapping of atoms by the optical force of
an evanescent wave around a thin ﬁber [6].
Before we proceed, we note that, in related
problems, the decay of an atom in the presence
of a ﬁber was considered for the ﬁrst time by Katsenelenbaum in 1949 [8]. Excitation of ﬁber modes
with a dipole source and inﬂuence of a ﬁber on the
decay rate of a single atom were investigated in [8–
11]. In the present paper, we do not consider how
the modes can be excited. Due to the adiabatic tapping condition [12], the fundamental mode HE11
of a subwavelength-diameter ﬁber can be excited
by the standard coupling techniques [5].
The paper is organized as follows. In Section 2,
we describe the general model of a thin ﬁber and
examine a fundamental mode with quasi-linear
polarization. In Section 3, we study a fundamental
mode with rotating (circulating) polarization. Our
conclusions are given in Section 4.

2. Thin ﬁber and fundamental mode with quasilinear polarization
Consider a thin single-mode optical ﬁber that
has a cylindrical silica core of radius a and refractive index n1 and an inﬁnite vacuum-clad of refractive index n2 = 1. Such a ﬁber can be prepared
using taper ﬁber technology. The essence of the
technology is to heat and pull a single-mode optical ﬁber to a very thin thickness maintaining the
taper condition to keep adiabatically the singlemode condition [3,12]. Due to tapering, the
original core is almost vanishing. Therefore, the
refractive indices that determine the guiding properties of the tapered ﬁber are the refractive index of
the original silica-clad and the refractive index of
the surrounding vacuum. The refractive index
and the radius of the tapered silica-clad will be
henceforth referred to simply as the ﬁber refractive
index n1 and the ﬁber radius a, respectively.
We send a light of wavelength k, frequency x,
and free-space wave number k = 2p/k = x/c
throughpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
the ﬃ ﬁber. Under the condition
V  ka n21  n22 < V c ﬃ 2:405, the ﬁber can support only one mode, referred to as the fundamen-
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tal mode HE11. The longitudinal propagation constant b of this mode is determined by the eigenvalue equation [1]
J 0 ðhaÞ
n2 þ n2 K 01 ðqaÞ
1
¼ 1 2 2
þ 2 2
haJ 1 ðhaÞ
qaK 1 ðqaÞ h a
2n
( 1
2
2
n1  n22 K 01 ðqaÞ

2n21 qaK 1 ðqaÞ

2 )1=2
b2
1
1
þ 2 2 2 2þ 2 2
:
n1 k q a
ha

ð1Þ

Here the parameters h ¼ ðn21 k 2  b2 Þ1=2 and q ¼
1=2
ðb2  n22 k 2 Þ characterize the ﬁelds inside and outside the ﬁber. The notation Jn and Kn stand for the
Bessel functions of the ﬁrst kind and the modiﬁed
Bessel functions of the second kind, respectively.
We ﬁrst study a fundamental mode with quasilinear polarization. In the cylindrical coordinates
(r, u, z), the solutions of MaxwellÕs equations for
the Cartesian components of the electric ﬁeld E
in such a mode are given, for r < a (inside the ﬁber), by [1]
b
½ð1  sÞJ 0 ðhrÞ cos u0
2h
 ð1 þ sÞJ 2 ðhrÞ cosð2u  u0 Þ eiðxtbzÞ ;
b
Ey ¼ iA ½ð1  sÞJ 0 ðhrÞ sin u0
2h
 ð1 þ sÞJ 2 ðhrÞ sinð2u  u0 Þ eiðxtbzÞ ;
Ex ¼ iA

ð2Þ

Ez ¼ AJ 1 ðhrÞ cosðu  u0 Þ eiðxtbzÞ ;
and, for r > a (outside the ﬁber), by [1]
Ex ¼ iA

b J 1 ðhaÞ
½ð1  sÞK 0 ðqrÞ cos u0
2q K 1 ðqaÞ

þ ð1 þ sÞK 2 ðqrÞ cosð2u  u0 Þ eiðxtbzÞ ;
Ey ¼ iA

b J 1 ðhaÞ
½ð1  sÞK 0 ðqrÞ sin u0
2q K 1 ðqaÞ

ð3Þ

þ ð1 þ sÞK 2 ðqrÞ sinð2u  u0 Þ eiðxtbzÞ ;
Ez ¼ A

J 1 ðhaÞ
K 1 ðqrÞ cosðu  u0 Þ eiðxtbzÞ ;
K 1 ðqaÞ

where s = [(qa)2 + (ha)2]/[J01 (ha)/haJ1(ha) + K01
(qa)/qaK1(qa)]. The coeﬃcient A is determined by
the normalization condition. The angle u0 determines the orientation axis of the polarization of

3

the ﬁeld. The two sets of solutions corresponding
to u0 = 0 and p/2 express two diﬀerent polarizations, aligned along the x and y axes, respectively.
For practical applications such as trapping of
atoms by the optical force of an evanescent wave
around a thin ﬁber [6], it is necessary to calculate
the optical potential, which is proportional to the
total intensity jEj2 of the electric ﬁeld. A rigorous
expression for jEj2 can be easily obtained with
the help of Eqs. (2) and (3). For r < a, we ﬁnd
2

j Ej ¼ gin fJ 20 ðhrÞ þ uJ 21 ðhrÞ þ fJ 22 ðhrÞ þ ½uJ 21 ðhrÞ
 fp J 0 ðhrÞJ 2 ðhrÞ cos½2ðu  u0 Þg:
ð4Þ
For r > a, we get
2

j Ej ¼ gout fK 20 ðqrÞ þ wK 21 ðqrÞ þ fK 22 ðqrÞ
þ ½wK 21 ðqrÞ þ fp K 0 ðqrÞK 2 ðqrÞ
 cos½2ðu  u0 Þg:

ð5Þ

Here we have introduced the parameters u = 2h2/
b2(1  s)2, w = 2q2/b2(1  s)2, f = (1 + s)2/(1  s)2,
and fp = 2(1 + s)/(1  s). We have also intro2
duced the notation gin ¼j Aj =2u and gout ¼
2 2
2
j Aj J 1 ðhaÞ=2wK 1 ðqaÞ. The terms J 20 ðhrÞ and
K 20 ðqrÞ in the expressions (4) and (5), respectively,
correspond to the total intensity of the electric ﬁeld
in the mode LP01. The other terms describe the
deviations of the exact mode HE11 from the
approximate mode LP01.
The above expressions are mathematically valid
for any core radius a and any pair of refractive
indices n1 and n2 where n1 > n2. Before applying
these expressions to thin tapered ﬁbers, we recall
the case of conventional single-mode ﬁbers, where
D”(n1  n2)/n1  1 and a > k. In this case, we
have
[1]
s = 1 + (qa/V)2[haJ0(ha)/J1(ha)]D +
2
O(D ) @ 1. Consequently, the u-dependent terms
containing (1 + s)J2(hr) and (1 + s)K2(qr) in the
expressions (2) and (3) are negligible. Hence, the
transverse component Ey or Ex will be zero if
u0 = 0 or p/2, respectively. In addition, we have
h, q  b, so the longitudinal component Ez is
small. Thus, an exact HE11 mode with quasi-linear
polarization of a conventional weakly guiding ﬁber can be approximated by a LP01 mode [1].
The electric ﬁeld in the LP01 mode is given by
E ¼ F ^e eiðxtbzÞ , where F ¼ AJ 0 ðhrÞ for r < a and
F ¼ A½J 0 ðhaÞ=K 0 ðqaÞK 0 ðqrÞ for r > a. The polar-
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0.08
0
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2

|E| and |E x | [arb. units]

^ or ^e ¼ ^
ization vector ^e can be chosen as ^e ¼ x
y.
The intensity distribution of the LP01 mode is
cylindrically symmetric.
In Fig. 1, we plot the total intensity jEj2 and the
x-component intensity jExj2 of the electric ﬁeld in
an exact fundamental mode HE11 with a quasi-linear polarization, along the x direction, for the
parameters of a conventional weakly guiding ﬁber.
As seen, the transverse proﬁles of jEj2 and jExj2 are
indistinguishable. Thus the polarization of the ﬁeld
is almost completely linear. We also observe that
the two proﬁles are almost perfectly cylindrically
symmetric.
We now study the case of vacuum-clad subwavelength-diameter ﬁbers, where the relations
D  1 and a > k are not satisﬁed. In this case,
the factor 1 + s is not negligible. More importantly, the decay parameter qa of the evanescent
wave may become suﬃciently small that K1(qa)
and K2(qa) are much larger than K0(qa). Hence,
the terms containing K1(qr) and K2(qr) in the
expressions (3) may become signiﬁcant in the outer
vicinity of the ﬁber surface. Due to the factor
K1(qr), the longitudinal component Ez outside
the ﬁber may become substantial. Due to the factor K2(qr), the terms containing the trigonometric
functions cosð2u  u0 Þ and sinð2u  u0 Þ in the
expressions (3) may become signiﬁcant. These
terms lead to the azimuthal dependences of the
transverse components (Ex, Ey) of the ﬁeld outside
the ﬁber. In addition, when qa is small and n1 is
much diﬀerent from n2, the parameter h may be-
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0
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Fig. 1. Total intensity jEj2 and x-component intensity jExj2 of
the electric ﬁeld in an exact fundamental mode HE11 with a
quasi-linear polarization, along the x direction, for the parameters of a conventional weakly guiding ﬁber. The two proﬁles
are indistinguishable because the intensities of the y and z
components of the ﬁeld are negligible. The parameters used:
a = 4 lm, k = 1.3 lm, n1 = 1.4469, n2 = 1.4419, and u0 = 0.

come comparable to (or even larger than) the
parameter b. Due to this fact, the component Ez
of the ﬁeld inside the ﬁber may also be not negligible compared to the components (Ex, Ey), respectively, see Eqs. (2). Thus the longitudinal
component Ez may be substantial in both regions
r < a and r > a. So we see that the properties of
the exact fundamental mode HE11 may become
substantially diﬀerent from the linearly polarized
mode LP01.
To demonstrate the features of vacuum-clad
subwavelength-diameter ﬁbers, we perform numerical calculations. The single-mode condition for
vacuum-clad silica-core ﬁbers requires that
a/k < 0.36, that is, the ﬁber radius be about three
times smaller than the light wavelength. We consider the case where the ﬁber radius a is small compared not only to the light wavelength but also to
the evanescent-wave penetration length K = 1/q.
Such thin ﬁbers can be used to trap atoms. Indeed,
it has been shown that the optical force of a reddetuned evanescent wave around an optical ﬁber
can balance the centrifugal force under the condition qa = a/K < 0.93 and that this condition can be
achieved for vacuum-clad silica-core ﬁbers with
a/k < 0.28 [6]. We study such thin ﬁbers in the rest
of this paper.
To be speciﬁc, we choose the ﬁber radius a =
0.2 lm and the light wavelength k = 1.3 lm for
simulations. The corresponding refractive indices
of the silica core and the vacuum-clad are
n1 @ 1.4469 and n2 = 1, respectively. The solution
of the exact eigenvalue equation (1) yields
ha @ 1.0075, qa @ 0.0827, and ba @ 0.9702. The
normalized
parameter
is
pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ size
V ¼ ka n21  n22 ﬃ 1:011 < 2:405,
indicating
that the considered ﬁber is a single-mode ﬁber.
For the above parameters, we ﬁnd s @ 0.9937.
The penetration length of the evanescent wave is
K @ 12a, large compared to the ﬁber radius [6]. Because of this, a majority of the ﬁeld intensity distribution is in the outside of the ﬁber [6,7].
In Fig. 2, we plot the total intensity jEj2 of the
electric ﬁeld in a fundamental mode with quasi-linear polarization. We choose the x axis as the major
orientation axis of polarization (u0 = 0). As seen,
the behaviors of the proﬁles inside and outside
the ﬁber are very diﬀerent from each other. A con-
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Fig. 2. Cross-section proﬁle of the total intensity jEj2 of the
electric ﬁeld in a fundamental mode with quasi-linear polarization. The inset shows the inner part of the proﬁle, which
corresponds to the ﬁeld inside the ﬁber. The parameters used:
a = 0.2 lm, k = 1.3 lm, n1 = 1.4469, n2 = 1, and u0 = 0.

spicuous discontinuity of the ﬁeld intensity is observed at the ﬁber surface. This discontinuity is
due to the boundary condition for the normal (radial) component Er of the electric ﬁeld. The high
contrast between the refractive indices n1 and n2
of the silica core and the vacuum-clad, respectively, makes this eﬀect dramatic.
As seen from Fig. 2, the spatial distribution of
the ﬁeld intensity is not cylindrically symmetric
at all. A strong dependence of the ﬁeld intensity
on the azimuthal angle is observed in the outer
vicinity of the ﬁber surface. This dependence is
due to the terms wK 21 ðqrÞ cos½2ðu  u0 Þ
and f p K 0 ðqrÞK 2 ðqrÞ cos½2ðu  u0 Þ in Eq. (5).
These terms are substantial because the small magnitude of the parameter qa @ 0.0827 makes K1(qr)
and K2(qr) dominant over K0(qr) in the vicinity
of the ﬁber surface. Indeed, we have K1(qa)/
K0(qa) @ 4.6 and K2(qa)/K0(qa) @ 111.7. In the inner vicinity of the ﬁber surface, the azimuthal
dependence of the ﬁeld intensity is moderate.
To get a look at the spatial distributions of the
ﬁeld along diﬀerent radial directions, we replot in
Fig. 3 the intensity jEj2 of Fig. 2 as a function of
x at y = 0 (as a function of r at u = 0) and as a
function of y at x = 0 (as a function of r at
u = p/2). For comparison, we plot by the dashed
lines the intensity jELPj2 of the corresponding
approximate mode LP01, which is given by
2
2
j ELP j ¼ gin J 20 ðhrÞ for r < a and j ELP j ¼
2
gout K 0 ðqrÞ for r > a. The comparison between the
region x/a > 1 of Fig. 3(a) and the region y/a > 1
of Fig. 3(b) shows that, outside the ﬁber, jEj2 de-

[arb. units]

1 -1
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Fig. 3. Total intensity jEj2 of the electric ﬁeld in a fundamental
mode with quasi-linear polarization as a function of x at y = 0
(a) and as a function of y at x = 0 (b). For comparison, the
intensity of the electric ﬁeld in the corresponding approximate
mode LP01 is shown by the dashed lines. The parameters for
this ﬁgure are the same as those for Fig. 2.

cays along the x direction faster than along the y
direction. We observe that the radial dependence
of jEj2 along the y direction has a small peak in
the outer vicinity of the ﬁber surface. Far away
from the ﬁber surface, the decays of jEj2 along
the x and y directions tend to have the same
behavior as that of the intensity jELPj2 of the
approximate mode LP01. The comparison between
the region x/a < 1 of Fig. 3(a) and the region
y/a < 1 of Fig. 3(b) shows that, inside the ﬁber,
jEj2 decreases along the x direction slower than
along the y direction. A discontinuity of jEj2 is observed at the ﬁber surface in the x direction, but
not in the y direction.
To get insight into the ﬁeld components of the
fundamental mode, we plot in Fig. 4 the cross-section proﬁles of the intensities jExj2, jEyj2, and jEzj2
of the Cartesian-coordinate components of the
electric ﬁeld. In addition, we plot in Fig. 5 these
intensities as functions of the azimuthal angle u.
The comparison between the scales of the vertical
axes of Fig. 4(a)–(c) shows that the intensity jEyj2
of the minor transverse component Ey and the
intensity jEzj2 of the longitudinal component Ez
are weaker than the intensity jExj2 of the major
transverse component Ex. However, jEyj2 and jEzj2
are not negligible at all. Therefore, the alignment
^þ
of the total electric ﬁeld vector E ¼ Ex x
Ey ^y þ Ez^z may be substantially deviated from the
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Fig. 4. Cross-section proﬁles of the intensities jExj2, jEyj2, and
jEzj2 of the Cartesian-coordinate components of the electric
ﬁeld in a fundamental mode with quasi-linear polarization. The
insets show the inner parts of the proﬁles, which correspond to
the ﬁeld inside the ﬁber. The parameters for this ﬁgure are the
same as those for Fig. 2.

|E x |

3
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2
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|E y | 2

(b)
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|E z | 2

(c)

0.1
0.0
0

π/4

π/2

3π/4

π

Azimuthal angle ϕ
Fig. 5. Azimuthal proﬁles of the intensities jExj2, jEyj2, and
jEzj2 of the Cartesian-coordinate components of the electric
ﬁeld in a fundamental mode with quasi-linear polarization. The
parameters for this ﬁgure are the same as those for Fig. 2.

major orientation axis x of polarization. According to Eqs. (2) and (3), the major and minor transverse components Ex and Ey of the electric ﬁeld
have the same phase. Therefore, the vector orientation of the total transverse component
^ þ Ey ^y does not vary in time. Thus the
E? ¼ E x x
transverse component E^ of the ﬁeld is linearly
polarized with respect to the time evolution at each
ﬁxed spatial point (x, y). Meanwhile, the phase of
the longitudinal component Ez diﬀers from that of
the transverse components Ex and Ey by p/2. Due
to this phase diﬀerence, the total electric ﬁeld E rotates elliptically with time, in a plane parallel to the
ﬁber axis z.
The inset in Fig. 4(a) and the dotted curve in
Fig. 5(a) show that, inside the ﬁber, jExj2 practically does not vary with u. The inset in Fig. 4(b)
and the dotted curve in Fig. 5(b) show that, inside
the ﬁber, jEyj2 is negligibly small, so the orientation of the vector E^ almost coincides with the x
axis. Thus the total transverse component E^ is
not only linearly polarized with respect to the time
evolution at each ﬁxed local point but also is almost linearly polarized in the space inside the ﬁber.
The main proﬁles in Figs. 4(a) and (b) as well as
the dashed and solid curves in Figs. 5(a) and (b)
show that, outside the ﬁber, jExj2 and jEyj2 substantially depend on u. This behavior is quite different from the behavior of the ﬁeld inside the
ﬁber.
Figs. 4, 5(c) show that the longitudinal component intensity jEzj2 is substantial not only in the
outer vicinity of the ﬁber surface but also in the inner vicinity, unlike the minor transverse component intensity jEyj2. In addition, jEzj2
substantially varies with u not only outside but
also inside the ﬁber, unlike the major transverse
component intensity jExj2. The azimuthal dependence of jEzj2 is profound in both sides of the ﬁber
surface because Ez is proportional to cosðu  u0 Þ,
see Eqs. (2) and (3).
At each ﬁxed spatial point, the vector orientation of the total transverse component E^ of the
electric ﬁeld does not, as discussed earlier, vary
in time. However, the orientation of E^ may vary
in space, especially in the outer vicinity of the ﬁber
surface, where the minor transverse component Ey
is substantial. We plot in Fig. 6 the orientation an-

ARTICLE IN PRESS

Polarization orientation angle θ

F.L. Kien et al. / Optics Communications xxx (2004) xxx–xxx

Er ¼ F r eiu eiðxtbzÞ ;

0.08 π

r/a=0.5
r/a=1.5
r/a=2

Eu ¼ F u eiu eiðxtbzÞ ;
Ez ¼ F z e

iu iðxtbzÞ

e

ð6Þ

:

Here the functions Fj (j = r, u, z) describe the radial dependences of the ﬁeld components. They
are deﬁned, for r < a, as

0

-0.08 π

7

F r ¼ iA
0

π/4

π/2

3π/4

Azimuthal angle ϕ

π

Fig. 6. Orientation angle h = arctan[Re(Ey)/Re(Ex)] of the
transverse component E^ of the electric ﬁeld in a fundamental
mode with quasi-linear polarization. The parameters for this
ﬁgure are the same as those for Fig. 2.

gle h = arctan[Re(Ey)/Re(Ex)] of E^ as a function
of u. The dotted curve in Fig. 6 shows that, inside
the ﬁber, the orientation angle h almost does not
vary with u. This feature conﬁrms that the total
transverse component E^ inside the ﬁber is almost
linearly polarized in space. It is due to the fact that
the u-dependent terms in the expressions for the
transverse components inside the ﬁber are negligible. Meanwhile, the dashed and solid curves in
Fig. 6 show that, outside the ﬁber, the orientation
angle h does vary in space. For r/a = 1.5, the maximal azimuthal variation of h is about 0.06p (see
the dashed curve). The comparison between the
solid and dashed curves in Fig. 6 shows that, when
r increases from a, the azimuthal variation of h reduces. These features are due to the fact that the
ratio between the factors K2(qr) and K0(qr) of the
u-dependent and -independent terms is large for
qr  1 but monotonically reduces to unity with
increasing r.

3. Fundamental mode with rotating polarization
We now study a fundamental mode with rotating (circulating) polarization. In the cylindrical
coordinates, the solutions of MaxwellÕs equations
for the cylindrical components of the electric ﬁeld
E in such a mode are given by [1]

b
½ð1  sÞJ 0 ðhrÞ  ð1 þ sÞJ 2 ðhrÞ;
2h

b
½ð1  sÞJ 0 ðhrÞ þ ð1 þ sÞJ 2 ðhrÞ;
2h
F z ¼ AJ 1 ðhrÞ;
Fu ¼ A

ð7Þ

and, for r > a, as
b J 1 ðhaÞ
½ð1  sÞK 0 ðqrÞ þ ð1 þ sÞK 2 ðqrÞ;
2q K 1 ðqaÞ
b J 1 ðhaÞ
½ð1  sÞK 0 ðqrÞ  ð1 þ sÞK 2 ðqrÞ;
Fu ¼A
2q K 1 ðqaÞ
J 1 ðhaÞ
K 1 ðqrÞ:
Fz ¼A
K 1 ðqaÞ
F r ¼ iA

ð8Þ
The upper (lower) sign in Eqs. (6) corresponds
to the clockwise (counterclockwise) circulation of
photons around the z axis. According to Eqs.
(6), we have jEjj = jFjj. According to Eqs. (7) and
(8), the functions Fj are independent of the azimuthal angle u. Hence, the intensities jEjj2 of the
cylindrical-coordinate components of the ﬁeld are
independent of u, and so is the total intensity
jEj2 of the electric ﬁeld.
According to Eqs. (7) and (8), we have Fr/
jFrj = iFu/jFuj. Then, it follows from Eqs. (6)
that Er/jErj = «iEu/jEuj, that is, the two complex
quadratures Er and Eu have a diﬀerence of p/2 between their phases. Therefore, the polarization of
^
the total transverse component E? ¼ Er^r þ Eu u
of the ﬁeld is either circular or elliptical. With
increasing time, the real part of the complex amplitude vector E^ rotates along a circle or an ellipse.
The semimajor and semiminor axes of the ellipse
^ , respecare aligned along the unit vectors ^r and u
tively, and are equal to jErj = jFrj and jEuj = jFuj,
respectively. When jErj @ jEuj, the elliptical polarization of the transverse component of the ﬁeld becomes almost circular.
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2

jEj ¼ 2gin ½J 20 ðhrÞ þ uJ 21 ðhrÞ þ fJ 22 ðhrÞ:

ð9Þ

[arb. units]

-4

-2

x/a 0

2

4 -4

ð10Þ

The terms
and
in the expressions
(9) and (10), respectively, correspond to the total
intensity of the electric ﬁeld in the mode LP01.
The other terms describe the deviations of the exact fundamental mode HE11 with rotating polarization from the approximate mode LP01. The
comparison between Eqs. (4) and (9) and between
Eqs. (5) and (10) shows that the total intensity of
the electric ﬁeld in a fundamental mode with rotating polarization is the sum of the corresponding
intensities for two constituent modes with quasilinear polarizations. The u-dependent terms cancel
each other and therefore do not appear in Eqs. (9)
and (10).
The above expressions are mathematically valid
for the fundamental mode with rotating polarization of a ﬁber with an arbitrary core radius a
and an arbitrary pair of refractive indices n1 > n2.
To demonstrate the features of vacuum-clad subwavelength-diameter ﬁbers, we perform numerical
calculations for the parameters of the previous section, namely, for a = 0.2 lm, k = 1.3 lm,
n1 @ 1.4469, and n2 = 1.
In Fig. 7, we plot the cross-section proﬁle of the
total intensity jEj2 of the electric ﬁeld in a fundamental mode with rotating polarization. As seen,
jEj2 is azimuthally independent, that is, is cylindrically symmetric. The discontinuity of the ﬁeld at
the ﬁber surface, created by the boundary condition and the high contrast between n1 and n2, divides the proﬁle into two parts. The inner part of
the proﬁle is hidden behind the outer part and is
shown separately in the inset of the ﬁgure.
In Fig. 8, we plot by the solid line the total
intensity jEj2 of the electric ﬁeld as a function of
the radial distance r. For comparison, we plot by
the dashed line the intensity jELPj2 of the corresponding approximate mode LP01, which is given
2
by
j ELP j ¼ 2gin J 20 ðhrÞ
for
r<a
and

0

-1

1

0
0

-2

2
y/a

4

Fig. 7. Cross-section proﬁle of the total intensity jEj2 of the
electric ﬁeld in a fundamental mode with rotating polarization.
The inset shows the inner part of the proﬁle, which corresponds
to the ﬁeld inside the ﬁber. The parameters for this ﬁgure are
the same as those for Fig. 2.

4

|E|

þ

K 20 ðqrÞ

fK 22 ðqrÞ:

1

1.5

[arb. units]

þ

J 20 ðhrÞ

wK 21 ðqrÞ

0

3
2

2

jEj ¼

2gout ½K 20 ðqrÞ

-1

3

For the ﬁeld outside the ﬁber, we get
2

2.1
1.7
1.3

4.5

2

We can easily calculate the total intensity jEj2 of
the electric ﬁeld in a fundamental mode with rotating polarization. For the ﬁeld inside the ﬁber, we
obtain

|E|

8

1
0

0

1

2

3

4

5

r/a
Fig. 8. Radial dependence of the total intensity jEj2 of the
electric ﬁeld in a fundamental mode with rotating polarization
(solid line). For comparison, the intensity jELPj2, obtained for
the corresponding approximate mode LP01, is plotted by the
dashed line. The parameters for this ﬁgure are the same as those
for Fig. 2.

2

j ELP j ¼ 2gout K 20 ðqrÞ for r > a. As seen, the diﬀerence between jEj2 and jELPj2 is small but not negligible in the region 0.3 < r/a < 3. Inside the ﬁber,
jEj2 (solid curve) decreases slower than jELPj2
(dashed curve). Such a behavior of jEj2 is due to
the contributions of the last two terms in Eq. (9).
These terms contain the functions J1 and J2, which
increase in the region of small argument. In the
outer vicinity of the ﬁber surface, jEj2 (solid curve)
decays faster than jELPj2 (dashed curve). Such a
behavior of jEj2 is due to the contributions of the
additional terms wK 21 ðqrÞ and fK 22 ðqrÞ in Eq.
(10), which decay faster than the basic term
K 20 ðqrÞ in the region of small argument. When r/a
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Fig. 9. Intensities jErj2, jEuj2, and jEzj2 of the cylindricalcoordinate components of the ﬁeld in a fundamental mode with
rotating polarization. The parameters for this ﬁgure are the
same as those for Fig. 2.
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Fig. 10. Cross-section proﬁles of the intensities jExj2, jEyj2, and
jEzj2 of the Cartesian-coordinate components of the electric
ﬁeld in a fundamental mode with rotating polarization. The
insets show the inner parts of the proﬁles, which correspond to
the ﬁeld inside the ﬁber. The parameters for this ﬁgure are the
same as those for Fig. 2.

Field component intensities [arb. units]

Field component intensities [arb. units]

is large enough (r/a > 3), the diﬀerence between
jEj2 and jELPj2 can be neglected.
The intensities jErj2, jEuj2, and jEzj2 of the cylindrical-coordinate components of the ﬁeld are
determined by the cylindrically symmetric functions jFrj2, jFuj2, and jFzj2, respectively. We plot
these intensities as functions of r in Fig. 9. As seen,
the ﬁeld intensity distributions inside (r/a < 1) and
outside (r/a > 1) the ﬁber have very diﬀerent
behaviors. Due to the boundary condition and
the high contrast between the refractive indices
of the silica core and the vacuum-clad, the normal
(radial) component Er has a conspicuous discontinuity at the ﬁber surface. The tangential components Eu and Ez are, however, continuous.
Unlike the intensities of the cylindrical-coordinate components Er, Eu, and Ez, the intensities
of the Cartesian-coordinate transverse components Ex and Ey are, in general, not cylindrically
symmetric. In Fig. 10, we plot the cross-section
proﬁles of the intensities jExj2, jEyj2, and jEzj2. In
addition, we plot these intensities in Fig. 11 as
functions of u.
The insets in Figs. 10(a) and (b) as well as the
dotted curves in Figs. 11(a) and (b) show that, inside the ﬁber, jExj2 and jEyj2 are almost equal to
each other and practically do not vary with u.
The reason is that the u-dependent terms in the
expressions for Fr and Fu in Eqs. (7) are negligible.
Because of this, we have Fr @ iFu and, conse-

2
|E z | [arb. units]
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r/a=0.5
r/a=1.5
r/a=2
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|E y |
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|E z |

2

(b)

1.0
0.5
0.12

(c)

0.08
0.04
0

π/4

π/2

3π/4

Azimuthal angle ϕ

π

Fig. 11. Azimuthal proﬁles of the intensities jExj2, jEyj2, and
jEzj2 of the Cartesian-coordinate components of the electric
ﬁeld in a fundamental mode with rotating polarization. The
parameters for this ﬁgure are the same as those for Fig. 2.

quently, Er @ «iEu. Hence, we ﬁnd Ex @ Frei(xt  bz), Ey @ ±iFrei(xt  bz), and consequently
Ex @ «iEy. Thus the two orthogonal quadratures
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Er and Eu as well as Ex and Ey have almost equal
magnitudes and a relative phase diﬀerence of p/2.
This indicates that, inside the ﬁber, the total transverse component E^ of the ﬁeld is almost circularly
polarized.
The main proﬁles in Figs. 10(a) and (b) as well
as the dashed and solid curves in Figs. 11(a) and
(b) show that, outside the ﬁber, the intensities of
the transverse components Ex and Ey are diﬀerent
from each other and substantially vary with u. The
comparison between the dashed lines and the solid
lines in Figs. 11(a) and (b) shows that the azimuthal dependences of jExj2 and jEyj2 outside the
ﬁber reduce with increasing r.
The terms ±(1 + s)K2(qr) in Eqs. (8) lead to
jFrj 6¼ jFuj and, hence, to jErj 6¼ jEuj. Due to the
substantial diﬀerence between jErj and jEuj in the
outer vicinity of the ﬁber surface, the polarization
of the transverse component E^ of the ﬁeld in this
region is truly elliptical. We recall that the axes of
the elliptical circulation orbit are aligned along the
^ . Consequently, the orientaunit vectors ^r and u
tion of the orbit varies with increasing u. We also
recall that the lengths of the axes of the ellipse are
equal to jErj = jFrj and jEuj = jFuj. Hence, the
ellipticity of the orbit is proportional to the factor
(1 + s)K2(qr)/(1  s)K0(qr). This factor reduces
with increasing r. Thus both the orientation and
the ellipticity of the orbit of polarization circulation vary in space. This behavior is diﬀerent from
the case of conventional light beams with elliptical
or circular polarization. Furthermore, we note that
the ellipticity of the orbit of polarization circulation does not depend on u. This indicates that
the orbit rotates circularly in space.
Figs. 10, 11(c) show that the longitudinal component intensity jEzj2 is perfectly cylindrically symmetric, as expected, in the whole cross-section
plane. Although jEzj2 is small compared to jExj2
and jEyj2, it is not negligible in the vicinity of the
ﬁber surface.

4. Conclusions
We have studied the properties of the ﬁeld in
the fundamental mode HE11 of a vacuum-clad subwavelength-diameter optical ﬁber using the exact

solutions of MaxwellÕs equations. We have obtained simple analytical expressions for the total
intensity of the electric ﬁeld and have identiﬁed
the origin of the deviations of the exact fundamental mode HE11 from the approximate mode LP01.
We have shown that the thin thickness of the ﬁber
and the high contrast between the refractive indices of the silica core and the vacuum-clad substantially modify the intensity distributions and the
polarization properties of the ﬁeld and its components, especially in the vicinity of the ﬁber surface.
We have examined the case of a fundamental
mode with quasi-linear polarization. We have
shown that a substantial azimuthal dependence
of the total intensity is observed in the vicinity of
the ﬁber surface. The transverse component of
the ﬁeld is linearly polarized in time at each ﬁxed
local point. However, the total electric ﬁeld vector
rotates elliptically with time, in a plane parallel to
the ﬁber axis. Inside the ﬁber, the transverse component is not only linearly polarized in time but
also almost linearly polarized in space. Outside
the ﬁber, the orientation angle of the transverse
component of the ﬁeld varies in space.
We have also studied the case of a fundamental
mode with rotating (circulating) polarization. We
have shown that the total intensity is azimuthally
independent, that is, is cylindrically symmetric.
We have found that the total intensity of the electric ﬁeld outside the ﬁber decays faster than that of
the approximate mode LP01. The diﬀerence between the exact and approximate modes is relatively small in the case of rotating polarization.
Consequently, the underlying physics of the optical potential of the evanescent wave around a vacuum-clad
subwavelength-diameter
ﬁber
is
basically the same as that of the approximate
mode LP01. However, the magnitude of the diﬀerence is not negligible in the vicinity of the ﬁber surface. Therefore, the use of the exact solutions of
MaxwellÕs equations is required in a systematic
quantitative treatment for a thin ﬁber. We have
shown that, inside the ﬁber, the total transverse
component of the ﬁeld is almost circularly polarized. In the outer vicinity of the ﬁber surface, the
polarization of the transverse component of the
ﬁeld is elliptical. In this region, the orientation of
the orbit of polarization circulation rotates in
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space while the ellipticity of the orbit reduces with
increasing radial distance. This is diﬀerent from
the case of conventional light beams with elliptical
or circular polarization. Our results are helpful for
studying and developing new miniaturized highperformance photonic devices. One of the promising applications of the ﬁeld around the subwavelength-diameter ﬁber is trapping and guiding of
neutral atoms by the optical force of the evanescent ﬁeld.
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